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Abstract. We present calculations for the action of laser pulses on vibrational
transfer within the H+2 and Na2 molecules in the presence of dissipation due to
photodissociation of the molecule. The laser fields perform closed loops surrounding
exceptional points in the laser parameter plane of intensity and wavelength. In principle
the process should produce controlled vibrational transfers due to an adiabatic flip of
the dressed eigenstates. We directly solve the Schro¨dinger equation with the complete
time-dependent field instead of using the adiabatic Floquet formalism which initially
suggested the design of the laser pulses. Results given by wavepacket propagations
disagree with predictions obtained using the adiabatic hypothesis. Thus we show
that there are large non-adiabatic exchanges and that the dissipative character of
the dynamics renders the adiabatic flip very difficult to obtain. Using much longer
durations than expected from previous studies, the adiabatic flip is only obtained for
the Na2 molecule and with strong dissociation.
1. Introduction
An effective quantum mechanical treatment of processes such as photodissociation can
be obtained by using non-Hermitian Hamiltonians [1] which depend on two or more
parameters and so have singularities named exceptional points (EP) [2]. An EP is
a coalescence of two eigenvalues and two eigenstates for a certain set of parameters
for which the Hamiltonian becomes non-diagonalizable. EP processes can induce
dramatic physical effects, which are well summarized in [3] and references therein. The
EP phenomenon is also referred to as self-orthogonality because of a coalescence of
eigenvectors which does not happen for Hermitian Hamiltonian degeneracies [4]. Among
the many papers on this subject, we can cite some showing the manifestations of EP: in
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microwave cavities [5, 6], for PT symmetry in optics [7] and waveguides [8], in atomic
and molecular physics [9, 10, 11, 12, 13], in laser physics [14] and in quantum phase
transitions [15]. An adiabatic separation is assumed between the two Floquet resonances
related to the EP and all other states. Here we should mention that similar assumptions
are present in studies on interference stabilisation of ionisation in Rydberg atoms, or
stabilisation of dissociation in molecules [16, 17]. In these two cases, a strong laser field
provides ionisation or dissociation from two dissipative levels and their reconstruction
owing to Raman-type transitions. This interference stabilisation reduces significantly
the ionisation or the dissociation yields. Coming back to the EPs, an interesting effect
is the adiabatic flip: the two eigenstates concerned in the EP interchange when the
parameter trajectory encircles the EP. This feature could be particularly useful in the
context of laser control problems. The point of our study is to show that the presence of
an EP, which should produce the interchange of the two eigenstates concerned in the EP,
is simultaneously unfavourable to the adiabaticity of the process. Then longer durations
than previously calculated are necessary to obtain controlled transitions, which are not
so efficient.
For atomic and molecular systems in the presence of an intense laser (periodic)
field, use can be made of the Floquet Hamiltonian of the form [18]
H˜F (q, θ) = H0(q)− ~µ. ~E0 cos(θ)− i~ω
∂
∂θ
,
where H0 stands for the field-free molecular hamiltonian and the second term is
the electric dipole coupling, if we adopt the length-gauge and the long wavelength
approximation. ω is the optical frequency and θ = ωt ∈ [0, 2π]. Floquet eigenstates
(such that H˜F |Φ˜〉 = E˜Φ|Φ˜〉) are then related to solutions of the Schro¨dinger equation
ψ(q, θ) by the equation ψ(q, θ) = e−iEΦθ/(~ω)Φ˜(q, θ). The adiabatic Floquet Hamiltonian
is a generalization of H˜F when the laser parameters are varying [19]:
HF (q, t, θ) = H0(q)− ~µ. ~E0(t) cos(ω(t)t)− i~ωeff(t)
∂
∂θ
. (1)
Here θ is the rapid phase associated with the optical oscillations and t stands for the
slow time scale corresponding to the variations of the field parameters (field amplitude
E0(t) and effective angular frequency ωeff(t), or equivalently field intensity I ∝ E
2
0 and
wavelength λ). The effective frequency and the real frequency are related by
ωeff =
d
dt
(ω(t)t) . (2)
The Floquet resonances (such that HF (t)|Φ(t)〉 = EΦ(t)|Φ(t)〉) are then obtained by
rendering the Hamiltonian non-hermitian, using complex absorbing potentials [20] or a
complex scaling transformation [21] so as to obtain an operator which can describe
photodissociation phenomena. For such a Hamiltonian EPs exist and connect two
instantaneous Floquet resonances, which are themselves connected to given vibrational
eigenstates of the field-free molecule. Adiabatic flips has recently been predicted for the
H+2 ion [9, 13, 12] and for cold Na2 molecules [11, 10], occurring between two vibrational
states v and v ± 1 or v ± 2. A chirped pulse is expected to cause a selective transfer of
Discussion of the adiabatic hypothesis in control schemes using EP 3
the vibrational population, permitting for example the progressive vibrational cooling
of the Na2 molecules which has not dissociated under the action of the pulse. For
this, an adiabatic assumption is made concerning the instantaneous dressed Floquet
states |Φ(t)〉 (eigenvectors of HF with E0(t) and ω(t) fixed). Slow variations of the
intensity and of the frequency of the field are assumed, together with the presence of
a gap between the followed eigenvalue and the other eigenvalues. In this context, the
dissociation probability is estimated using the adiabatic formula
Pdiss(t) = 1− exp
[
−~−1
∫ t
0
Γ(t′)dt′
]
(3)
where Γ/2 is the imaginary part (width) of the quasienergy EΦ calculated with the field
parameters at time t′.
These works using adiabaticity have been partially contradicted by recent papers
which have pointed out an asymmetry of the adiabatic flip [22, 23, 24, 25]. In these
papers the dynamics was described in terms of the instantaneous eigenstates but the
calculation also took into acount non-adiabatic exchanges between the two coalescing
states within a two-dimensional subspace. The adiabatic hypothesis is then well-satisfied
only following the less dissipative eigenstate, in accordance with known adiabatic
theorems for dissipative Hamiltonians [26].
Here we treat the problem without any adiabatic approximation, using standard
wavepacket propagation and an explicitly time-dependent laser pulse in the hamiltonian.
We try to check numerically the flip effect due to an EP for the two above diatomic
systems for which pulses have been already designed in the literature. Thus we do
not use the adiabatic Floquet Hamiltonian of (1) but we propagate the wavefunctions
directly from the Schro¨dinger equation using the Hamiltonian H0 − ~µ. ~E0(t) cos(ω(t)t).
The paper is organized as follows. In section 2 we present the model used to describe
the photodissociative dynamics of H+2 or Na2. Section 3 recalls the population transfers
as predicted by the adiabatic Floquet formalism. Then the contradictory results given
by wavepacket propagations are presented in section 4. Finally we use longer pulse
durations to obtain a partial and asymmetric state interchange, only for the Na2 case.
2. Photodissociation model
Let us recall briefly the model used to describe the photodissociation of a diatomic
molecule. We use the same numerical data as in [9, 13, 12, 11, 10]. We consider a
one-dimensional model with the internuclear distance R. The laser light is assumed to
be linearly polarized. In the framework of the Born-Oppenheimer approximation, we
will only consider two electronic states labelled |1〉 and |2〉 so that the wavefunction is
Ψ(R, t) = χ1(R, t)|1〉+ χ2(R, t)|2〉. (4)
In our calculations, the dynamics of the nuclear wavefunction is then governed by the
Schro¨dinger equation
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i~
∂
∂t
(
χ1(R, t)
χ2(R, t)
)
=
[
TN +
(
ǫ1(R) 0
0 ǫ2(R)
)
−~µ12(R) · ~E(t)
(
0 1
1 0
)](
χ1(R, t)
χ2(R, t)
)
. (5)
TN represents the kinetic energy and ǫ1/2 are the effective electronic potential curves.
The dipole moment is such that µ12 = µ21. For H
+
2 we use the two lowest electronic
states 2Σ+g (labelled as state |1〉) and
2Σ+u (labelled as state |2〉) and the dipole moment
as given in [27]. The hydrogen ion is submitted to a laser pulse with a wavelength
around 420 nm. For Na2 we consider two excited electronic states. We assume that the
molecule is prepared in a given vibrational level of the lowest triplet state 3Σ+u (3
2S+32S)
(simply noted state |1〉) [28]. This situation is realistic, since sodium molecules has been
experimentally produced in this electronic state after photoassociation of cold atoms
[29]. A laser pulse with wavelength around 560 nm will allow transitions to the state
(1)3Πg(3
2S+32P ) (labelled state |2〉) [30, 31]. In both systems the first electronic state
supports bound states and a continuum (which is discretized for numerical analysis)
while the second electronic state is purely repulsive. In both cases the energy of the
photons is sufficient to dissociate the molecules. The only difference of our model
from that of references [9, 13, 12, 11, 10] is the use of a polynomial complex absorbing
potential at the edge of the grid instead of a complex scaling method. However, these two
approaches are closely related and their effects are similar [32, 33, 34]. Convergence for
varying absorbing potential has been checked. More precisely, the absorbing potential is
defined at the edge of the radial grid by a power function Vabs(R) = −iA
(
R−Rstart
Rmax−Rstart
)16
,
A ∈ R, and we have checked the stability of the results with respect to A and Rstart.
3. Laser pulses and adiabatic predictions
Let us sum up some results given by adiabatic Floquet theory when the aim is to obtain
a selective transfer from one vibrational state to another. R. Lefebvre, O. Atabek and
their coworkers made the first detailed analysis of the EPs in the Floquet spectrum for
the two diatomic systems under study. For H+2 they found that the Floquet resonance
associated with the vibrational state v = 8 coalesces with the resonance associated with
v = 9 when λ8−9EP = 442.26 nm and I
8−9
EP = 0.3949× 10
13 W.cm−2 [9, 13], among others.
Two EP are shown in figure 1, together with the paths proposed to obtain selective
transfers of vibrational population.
The contours are defined by
I = Imax sin(φ/2), λ = λ0 + δλ sin(φ), (6)
with φ = 2πt/Ttot, where Ttot is the total duration of the pulse. This definition is not the
only one possible but has been motivated by the three following constraints: to start and
finish with null intensity, encircling the EP (depending on δλ and Imax) and showing
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Figure 1. Paths followed in the parameter plane (I, λ) for H+2 (left) or Na2 (right).
Some of them encircle EPs associated with vibrational states (H+2 : v = 8, 9 and
v = 9, 10; Na2: v = 3, 4 and v = 2, 3). Contours are followed clockwise. Numerical
values for the parameters are given in tables 1 and 2. (Figure after [9, 10])
smooth variations. The dynamical process begins from a given vibrational state (for
example v = 8). We now briefly recall some of the exchanges of population predicted
using the adiabatic Floquet theory, using a pulse duration of Ttot = 56 fs ≃ 2315 atomic
units, which was proposed as a compromise to avoid total photodissociation [9]:
• begin in v = 8, return to initial state v = 8 using pulse (A) of figure 1, with a final
dissociation probability of 0.75;
• transfer v = 8→ v = 9 using pulse (B), dissociation probability about 0.999;
• transfer v = 9→ v = 8 using pulse (B), dissociation about 0.90;
• transfer v = 8→ v = 10 using pulse (C).
For the cold sodium molecule Na2, the EPs have been determined in [10, 11, 12]. We
now recall the examples treated in [10]. Pulses have also been designed to encircle some
of these points; they are given by (6). The paths to follow are shown in figure 1. The
sodium is less dissociative than H+2 , so it is possible to choose a longer total duration of
800 fs ≃ 33073 a.u. Here are some expected results according to the adiabatic Floquet
hypothesis [10]:
• vibrational transfers are expected, v → v − 1 or v − 1→ v for contours (A) or (B)
which encircle one of the EP;
• the dissociation probability given by (3) is weak (Pdiss(Ttot) ≃ 0.20) in the case of
the inversion v = 4→ 3;
• the transfer 3→ 4 is more dissociative, Pdiss(Ttot) ≃ 0.85;
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• the use of a pulse (C) which encircles both EPs implies a direct passage from v = 4
to v = 2 with dissociation about 0.22.
Within the adiabatic approximation, all the non dissociated wavepacket is always
assumed to be flipped at the end of the pulse.
4. Contradictory results given by wavepacket propagations
We now report results given by using time-dependent wavepacket propagations which
take into acount all non-adiabatic exchanges. The wavepacket propagations use the
constrained adiabatic trajectory method (CATM) explained in detail in [35, 36, 37, 38].
Here the adjective ’adiabatic’ has a special meaning which is different from the usual
one: it simply reflects the fact that the rigorous wavefunction is obtained via a single
global Floquet eigenstate associated with the complete duration of the pulse. Indeed,
no adiabatic approximation is made in the usual sense. The oscillating field is explicitly
calculated as E(t) = E0(t) cos(ω(t)t) and the variations of E0 and ω are given by
eqs. 2 and 6. The CATM is implemented with a 8192 sampling for the time-dimension.
Knowing the evolution of the wavefunction, we calculate the probability to occupy the
vth bound state by Pv(t) = |〈v|χ1(t)〉|
2 and the dissociation probability as
Pdiss(t) = 1−
∑
bound states
Pv(t). (7)
Table 1 shows the numerical parameters used to calculate the wavepacket evolution
of H+2 . Table 2 contains equivalent information concerning Na2. Some transition
probabilities and the dissociation probability at the end of each pulse are shown in table
3 for the different cases and figure 2 represents the time evolution of these probabilities
for run (d).
Run Path Imax (10
13W.cm−2) λ0 (nm) δλ initial v
(a) (A) 0.3 420 30 8
(b) (A) 0.3 420 30 9
(c) (B) 0.5 420 30 8
(d) (B) 0.5 420 30 9
Table 1. Choice of the contour in the laser parameter plane and of the initial state
(cf. (6)), for H+2 .
• Case (a) : levels v = 8, 7, 9 are mainly occupied at the end. Non-adiabatic exchanges
seem quite strong. Final Pdiss ≃ 0.71.
• Case (b) : probabilities are shared between states v = 9 and v = 8 even if v = 9 is
predominantly occupied. The remark on non-adiabatic exchanges remains valid.
• Case (c) : the initial state v = 8 is mainly occupied at the end of the pulse. However
transitions to levels v = 7, 10, 11 are not negligible, P9 being only the fifth larger
transition. The final dissociation is estimated at 0.86.
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Figure 2. Time evolution of the dissociation and transition probabilities, for case (d)
of table 1 (H+2 case). Time is indicated in atomic units (1 a.u. ≃ 2.42× 10
−17 s).
-0.006
-0.005
-0.004
-0.003
-0.002
-0.001
 0
 0.001
 0.002
 0.003
 0.004
-0.03 -0.029 -0.028 -0.027 -0.026 -0.025 -0.024 -0.023 -0.022 -0.021 -0.02
Im
(E
e
ff)
Re(Eeff)
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+
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eV).
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Run Path Imax (10
9W.cm−2) λ0 (nm) δλ (nm) initial v
(a’) (A) 0.35 562.5 1.3 4
(b’) (A) 0.35 562.5 1.3 3
(c’) (B) 0.37 559 1.3 3
(d’) (B) 0.37 559 1.3 2
(e’) (C) 0.38 560.75 3.2 4
(f’) 0.60 562.5 2 4
Table 2. Same as Table 1 for Na2.
Run (a) (b) (c) (d)
Pdiss 0.7099 0.9335 0.8646 0.8799
P0 3.42 × 10
−13 2.41 × 10−13 4.12 × 10−13 1.45 × 10−12
P1 3.59 × 10
−11 2.26 × 10−11 4.78 × 10−11 1.41 × 10−10
P2 1.68 × 10
−9 9.09 × 10−10 2.46 × 10−9 6.05 × 10−9
P3 3.87 × 10
−8 1.82 × 10−8 9.22 × 10−8 1.35 × 10−7
P4 3.85 × 10
−7 1.37 × 10−7 3.34 × 10−6 1.82 × 10−6
P5 2.43 × 10
−5 3.65 × 10−6 1.42 × 10−5 4.86 × 10−5
P6 1.14 × 10
−4 2.65 × 10−5 3.02 × 10−4 2.56 × 10−4
P7 8.30× 10
−3 7.26× 10−4 7.25× 10−3 4.18 × 10−3
P8 0.2788 2.67× 10
−2 0.1265 6.97 × 10−2
P9 1.73× 10
−3 3.47× 10−2 3.62 × 10−4 3.99 × 10−2
P10 8.76× 10
−4 3.80× 10−3 4.37× 10−4 4.55 × 10−3
P11 3.45 × 10
−5 3.99 × 10−4 4.22× 10−4 6.78 × 10−4
P12 6.32 × 10
−5 1.29 × 10−4 3.34 × 10−5 4.15 × 10−4
Table 3. Final values of the dissociation and transition probabilities |〈v|χ1(Ttot)〉|
2
for several bound states of H+2 , for the 4 cases defined in table 1. The four largest
values are in bold type and the probability which corresponds to the initial vibrational
level is underlined.
• Case (d) : there is a slight transfer from v = 9 to v = 8 but no clear inversion, still
with non-adiabatic contaminations.
Most of these results disagree with the predictions of the adiabatic Floquet formalism.
In terms of the occupation of the instantaneous Floquet eigenstates, the above results
suggest that non-adiabatic exchanges happen. At least one of the hypotheses of the
adiabatic approximation is not satisfied.
In the case of an adiabatic tracking, the presence of a sufficient distance between
eigenvalues is one of the hypothesis of the adiabatic approximation, and non-adiabatic
contaminations are probably due to the closeness of the two Floquet eigenvalues in the
neighborhood of an EP. The total duration may also be too short. Unfortunately in the
H+2 example a longer pulse would produce a totally dissociative process. Moreover the
dissipation tends to depopulate the most dissipative adiabatic states. Thus even small
non-adiabatic transitions can become significant and jeopardize the control, as already
pointed out in [22, 23]. However the expected asymmetry of the flip [22, 23] is not
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sufficient to explain these results. (an adiabatic flip should be observed in half of the
presented cases, and actually it is not).
An effective eigenenergy can be calculated, which is related to the adiabatic nature
of the dynamics relative to the instantaneous Floquet eigenbasis:
Eeff(t) =
〈i|H|Ψ(t)〉
〈i|Ψ(t)〉
(8)
where i stands for the initial vibrational state. This effective energy arises from the
time-dependent wave-operator formalism [39]. If the wavefunction is totally projected
on a single instantaneous Floquet eigenstate |Φ(t)〉 (as it is assumed in [9]), then the
above quantity takes the form
Eeff ≃ EΦ + i~
〈i| ∂
∂t
Φ(t)〉
〈i|Φ(t)〉
, (9)
where EΦ is in a sense the constant part of Eeff and i~
〈i| ∂
∂t
Φ(t)〉
〈i|Φ(t)〉
is a corrective term which
is time-periodic. Eeff follows a cyclic path in the complex plane. By a perturbative
analyis it can be shown that an adiabatic evolution produces an elliptic path, as shown
in figure 2 of [39]. Plotting Eeff thus provides an indicator of the adiabatic nature of the
dynamics. We have calculated Eeff for the pulse (d), as shown in figure 3. The curve
is quite complicated, with pseudo-elliptic curves which do not close on themselves. The
most severe deformations of these curves occur when the frequency or intensity vary
rapidly: A change in the orientation of the pseudo-ellipse axes is observed when the
wavelength varies, while a rapid intensity variation changes the length of the axes.
vi and vt being the initial and target bound states, we calculate the final values
of Pvi/ (
∑
v Pv) (fraction of the non-dissociated wavepacket surviving in initial state),
Pvt/ (
∑
v Pv) (fraction in the target state) and
(∑
v 6=vi,vf
Pv
)
/ (
∑
v Pv) (other bound
states). Using these quantities, figure 4 shows what percentage of the non-dissociated
wavepacket is actually flipped or not at the end of pulse, as a function of pulse duration,
together with the final dissociation probability. These results correspond to case (d)
of table 1. The target state population increases with increasing pulse duration but
stabilises around 60 %, while the dissociation becomes very strong and prevents us to
obtain any efficient flip.
Na2 seemed to be a more promising case, because the photodissociation is expected
to be smaller even with longer pulses. Final dissociation and transition probabilities for
the different cases of table 2 are summarized in table 4. The detailed time evolution is
shown in figure 5. These results indicate a more adiabatic behaviour. However, we do
not see the expected inversions, since the wavefunction always ends with a maximum
component on the initial vibrational state. In case (b) a partial transfer is observed from
v = 3 to v = 2, even though it was level v = 4 which was implied by the encircled EP.
The dissociation probabilities are in general larger than the values predicted using the
adiabatic formalism [for instance cases (a’) and (e’)] and sometimes weaker [case (b’)].
The five runs (a’)-(e’) were directly aimed at testing results of the adiabatic theory. The
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Figure 5. Same as figure 2 but for Na2 and pulse (d’) of table 2.
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last one is a checking calculation with a larger contour in the parameter plane; it does
not produce clear inversion any more.
Cas (a’) (b’) (c’) (d’) (e’) (f’)
Pdiss 0.427 0.322 0.467 0.3805 0.3438 0.3922
P0 4.76 × 10
−4 3.87× 10−4 3.32× 10−3 7.96× 10−4 5.76 × 10−4 1.46 × 10−3
P1 2.84 × 10
−3 5.91× 10−3 7.15× 10−2 0.2422 2.23 × 10−2 1.44 × 10−2
P2 8.93 × 10
−2 0.2485 7.26× 10−2 0.2941 9.36× 10−2 8.00× 10−2
P3 5.55 × 10
−2 0.3463 0.3009 7.45× 10−2 7.13× 10−2 0.2157
P4 0.3412 6.59× 10
−2 6.98× 10−2 7.11× 10−3 0.3965 0.1884
P5 6.65 × 10
−2 9.97× 10−3 6.40× 10−3 1.82× 10−4 5.52× 10−2 8.11× 10−2
P6 1.13 × 10
−2 3.92× 10−4 9.34× 10−4 3.03× 10−4 7.90 × 10−3 3.78 × 10−3
P7 6.64 × 10
−4 7.26× 10−5 2.88× 10−3 1.06× 10−4 1.14 × 10−3 3.43 × 10−3
P8 1.15 × 10
−3 1.22× 10−4 2.40× 10−3 3.57× 10−5 2.38 × 10−3 7.31 × 10−3
P9 1.61 × 10
−3 4.28× 10−5 1.27× 10−3 7.03× 10−5 2.37 × 10−3 5.99 × 10−3
P10 1.28 × 10
−3 3.10× 10−6 5.41× 10−4 8.75× 10−5 1.58 × 10−3 3.52 × 10−3
Table 4. Same as table 3 but for the Na2 model and pulses defined in table 2.
Choosing a longer duration allows us to partially obtain the adiabatic flip from
v = 3 to v = 2 but with a stronger dissociation than the value given by previous
studies. This is shown in figure 6 which corresponds to case (c’) of table 2 with varying
pulse duration. There is no flip for a pulse duration shorter than 50000 a.u. (i.e. 1.2
ps). With Ttot = 150000 a.u. (i.e. about five times the duration proposed in [10]),
the dissociation probability becomes quite large (78%) and 84% of the non dissociated
wavepacket ends in the target state v = 2. With Ttot = 300000 a.u. (i.e. 7.25 ps),
96.7 % of the 7.4 % surviving population occupies the target state at the end of the
pulse. The dynamics issued from initial state v = 2 (figure 7) does not produce any
state interchange at any time scale, which illustrates the asymmetry of the adiabatic
flip as explained in [22].
5. Concluding remarks
For diatomic molecules such that H+2 et Na2 submitted to chirped pulses, wavepacket
propagation calculations do not confirm previously published results from the adiabatic
Floquet theory. For the H+2 case, no controlled transfer of vibrational population
is obtained and many non-adiabatic contaminations seem to jeopardize the expected
control scheme. For the Na2 molecule, a controlled transfer occurs only with pulse
whose duration is much longer than expected from previous works, in a way that the
dissociation probability becomes large. We also confirm that the interchange is only
possible for only one of the two states concerned with the EP (asymmetry of the
flip). However, after these somewhat disappointing results, we are now working to
improve the design of chirped laser pulses so as to limit the non-adiabatic exchanges.
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vi = 2 (rounds), in the target state vt = 3 (squares), and in all other bound state
v 6= vi, vt (triangle), calculated at the end of the pulse (d’) of table 2, as a function of
the pulse duration Ttot.
Discussion of the adiabatic hypothesis in control schemes using EP 13
This is undoubtedly a difficult task because the presence of long pulses, essential to
create adiabaticity, simultaneously generates totally dissociative processes. Moreover it
would be necessary to leave the pure adiabaticity concept for generalized adiabaticity,
by working in the framework of the wave operator theory [40], in order to take into
account the mixing of the two Floquet states near the EP.
We are also working on ideas of control using global Floquet eigenvectors instead of
progressive instantaneous Floquet eigenvectors. The adiabatic scheme is probably too
strong of an assumption. The control of the full transfer |i〉 → |f〉 implies a generalized
cyclicity, i.e. a less strong constraint. The generalized cyclicity is the ability of the
molecule issued from the subspace So (with projector Po = |i〉〈i|+ |f〉〈f |) to come back
into this subspace at the end of the interaction. Using an extended Hilbert space (with
time being included as a new quantum variable) and the wave operator formulation,
the dynamical problem is transformed into an inverse stationary problem. We should
select the adiabatic parameter evolutions (E(t), ω(t)) which supress the wave-operator
components outside the subspace So at the end of the interaction. The control problem
can then be formulated in terms of the cyclicity of a small numbers of global eigenvectors
instead of needing to use an adiabatic hypothesis throughout the pulse.
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